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Abstract 

Several general mixed affine surface areas are introduced. We prove some 
important properties, such as, affine invariance, for these general mixed affine 
surface areas. We also establish new Alexandrov-Fenchel type inequalities, 
Santalo-type inequalities, and affine isopcrimetric inequalities for these general 
mixed affine surface areas. 
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1 Introduction 

There has been a growing body of work in isoperimetric inequalities. The clas- 
sical isoperimetric inequality, which compares the surface area in terms of the 
volume, is an extremely powerful tool in geometry and related areas. Relatively 
more important results in the family of isoperimetric inequalities, e.g., the celebrate 
Blaschke-Santalo inequality, have the "affine invariant" flavor. These affine isoperi- 
metric inequalities compare two functionals associated with convex bodies (or more 
general sets) where the ratio of the functionals is invariant under non-degenerate 
linear transformations. Important functionals include but are not limited to, the 
volume, L p affine surface areas, mixed p-affine surface areas, and general affine 
surface areas. 

The study of affine surface areas has a long history. The notion of the classi- 
cal affine surface area was first introduced by Blaschke in 1923 [6], and was first 
generalized to the L p affine surface area for p > 1 by Lutwak in [31]. Since then, 
considerable attention has been paid to the L p affine surface area, which is now at 
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the core of the rapidly developing L p -Brunn-Minkowski theory [10, 11, 13, 19, 23, 
26, 30, 33, 36, 47, 48, 49] among others. The L p affine surface area was further ex- 
tended to all p G R via geometric interpretations [37, 45, 46, 51]. For a sufficiently 
smooth convex body K in M n , the L p affine surface area as p (K) of K was defined 
as in [31] (p > 1) and [46] (p < 1) by 



aSp(K) 



n+p 

da(u). 



Here S" 1-1 is the boundary of the unit Euclidean ball in W 1 , a is the usual surface 
area measure on S 71 " 1 , hx(u) is the support function of the convex body K at u € 
S n ~ l , and Jk(u) is the curvature function of K at u, i.e., the reciprocal of the Gauss 
curvature kk(x) at the point x € dK, the boundary of K, that has u as its outer 
normal. The L p affine surface area is the key ingredient in many problems, such as, 
approximation of convex bodies by polytopes [16, 27, 46], theory of valuation (see 
e.g. [2, 3, 21, 25]), and the L p affine isoperimetric inequality [31, 52]. Recently, 
Paouris and Werner [40] linked the L p affine surface area with the relative entropy 
of cone measures of K and of its polar K° = {y 6 M. n : (x,y) < l,Vx G K}, where 
(x, y) is the inner product of x and y. 

In literature, two generalizations of the L p affine surface area are important: 
the mixed p-affine surface area [29, 31, 50, 53] and the general affine surface areas 
by Ludwig [24, 26]. The mixed p-affine surface area, which involves n convex bodies 
in IR n , takes the form 



as p (Ki, ■ ■ ■ ,K n ) 



h Kl (u) 1 -Pf Kl ( U )---h Kn ( U ) 1 -Pf Kn (u) 



i 

n+p 

da{u). 



Clearly, as p (K) = as p (K,--- ,K) if all Ki = K. Moreover, the mixed p-affine 
surface area contains many other important functionals of convex bodies as special 
cases, such as, the usual surface area and the dual mixed volume [28]. The discovery 
of the general affine surface areas owes to the valuation theory [26]. These general 
affine surface areas involve very general functions, for instance, the L^-affine surface 
area associated with (j> S Conc(0, oo) has the form 

as^K) = I d ,l n + u )h K (u)f K (u)da(u). 

V 

When 4>{t) = t n +p for p > 0, as^K) = as p (K). A fundamental result on the L^- 
affine surface area is the characterization theory of upper-semicontinuous SL(n) 
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invariant valuation [26], that is, every upper-semicontinuous, SL(n) invariant val- 
uation vanishing on polytopes can be represented as a L^-affine surface area for 
some (j) G Conc(0, oo). We refer readers to [24, 26] for other general affine surfaces 
and their properties. 

In this paper, we introduce several general mixed affine surface areas, which 
are the combinations of the above two generalizations. Throughout the whole 
paper, K G C\ means that K has the origin in its interior, and has C 2 boundary 
with everywhere strictly positive Gaussian curvature. Hereafter, let Conc(0, oo) 
be the set of functions (j) : (0, oo) — > (0, oo) such that either is a nonzero constant 
function, or <j) is concave with lim^o =0 and lim^oo (j)(t)/t = § (in this case, 
we set 0(0) = 0). For all <pi G Conc(0, oo) and all Ki G C+, we define the general 
mixed L^- affine surface area by 

da(u). (1.1) 

Clearly, as(<f>,K;- ■ ■ ;4>,K) =as ( f,(K), and as{(j),Ki\- ■ ■ ;cj),K n ) = as p (Ki,- ■ ■ ,K n ) if 
<p(t) = t n +p for p>0. Hence, we include the L p affine surface area for p>0 and the 
volume (i.e., for p = 0) as special cases. We show that the general mixed L^-amne 
surface area is affine invariant for all (pi G Conc(0, oo) (see Theorem 2.2), and also 
provide geometric interpretations of it (see Theorem 2.1). See Section 2 for other 
general mixed affine surface areas and their properties, in particular, we prove a 
duality result (Proposition 2.2). 

The L p affine isoperimetric inequality for the L p affine surface area with all 
p£l was proved in [52] (see [31] for p > 1). The L p affine isoperimetric inequalities 
are fundamental in many problems and have various applications in, e.g., imaging 
recognition and PDE (e.g. [14, 15, 32, 44]). In particular, it was used by Andrews 
[4, 5], Sapiro and Tannenbaum [43] to show the uniqueness of self-similar solutions 
of the affine curvature flow and to study its asymptotic behavior. Other related 
works include, e.g., [9, 17, 34, 35]. The L p affine isoperimetric inequalities were 
extended to the mixed p-afnne surface areas [31, 53] and the general affine surface 
areas [24]. In this paper, we prove analogous affine isoperimetric inequalities for 
general mixed affine surface areas. Let Bj^ be the origin-symmetric (Euclidean) 
ball with l-BjCjl = \Ki\ for all i. 

Theorem 3.2 Let all K { G C\ be convex bodies with centroid at the origin. 
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~ n 

as(4>i, Kr,- ■ ■ ;<p n ,K n ) = 

Jb i=l 



f Kr (u)h n K + Hu) 



h Ki (u)f Ki {u) 



(i) : If all <pi G Conc(0, oo), then 

as((pi,Ki; ■ ■ ■ ;4> n ,K n ) < as{(j>\, B Kl ; ■ ■ ■ ;<f> n ,B Kn ). 

Equality holds if all Ki are ellipsoids that are dilates of one another. 

(ii) For all 4>i G Conc(0, oo) with homogeneous degrees Vi G [0,1), 

f as(<t>i,Ki; ■ ■ ■ ;<j) n ,K n ) \ n < -A- / \Ki[\ 1 ~ 2n 
\as(<j> 1 ,B%;---;<l> n ,B2)) ~ ^\\B^\J 

with equality if all K{ are ellipsoids that are dilates of one another. 

Blaschke-Santalo inequality and the inverse Santalo inequality are model ex- 
amples of affine isoperimetric inequalities. Blaschke-Santalo inequality was proved 
by the L\ affine isoperimetric inequality in [42] (where the Santalo point instead 
of the centroid was used). Note that if K has Santalo point at the origin, then 
its polar body K° has centroid at the origin (see [44] for details). The inverse 
Santalo inequality was due to Bourgain and Milman [7] (see also [22, 38, 39, 41]). 
They were successfully extended to affine surface areas in [31, 50, 52, 53] among 
others. Here we prove the following Santalo-type inequalities for the general mixed 
L^,- affine surface areas. 

Theorem 3.1 Let Ki G C\ and fa G Conc(0, oo) be homogeneous of degrees 
n G [0,1). Then 

n 

as^Krr-- -AmK^asi^Kl--- - ; <t> n , K° n ) < n 2 J] [^(l) 2 \K t \ \K°\}~ . 

i=l 

Moreover, if all Ki G have centroid at the origin, then 

as ((/>!, ifi;-- - ](j) n ,K n )as{ct)i,Kl;--- ;(f> n ,K°) < [as((f>i,B%; ■ ■ ■ ;4> n ,B%)] 2 , 

with equality if all Ki are origin- symmetric ellipsoids that are dilates of one another. 

Another powerful inequality in geometry is the well-known classical Alexandrov- 
Fenchel inequality for mixed volume (see [1, 8, 44]). Here we show Alexandrov- 
Fenchel type inequalities for the general mixed affine surface areas, which have 
similar forms to the classical Alexandrov-Fenchel inequality. However, they do not 
imply the classical Alexandrov-Fenchel inequality. See also [28, 29, 53] for more 
such type inequalities. 
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Proposition 3.1 Let all Ki G C\ and fa G Conc(0, oo). Then, for 1 < m < n, 

m— 1 

as m (<f>i,Ki;---;<f> n ,K n )<T\ as(<f>i,Ki;- ■ ■ ;0 n _ m ,if n _ m ; <j> n -i,K n -i;- - ■ \4> n -i,K n _i). 



Equality holds if (1) all Ki coincide and fa = Xi4> n for some Aj > 0, i = n — m + 
1,- • -,n, or (2) fa = X^, Ki = r)iK n for some \i,r)i > 0, i = n - m + 1, • • • ,n, 
and (j) n is homogeneous of degree r G [0, 1). The equality holds trivially if m = 1. 

In particular, as n (fa, K\\ ■ ■ ■ ;<p n ,K n ) < as^{Kx) • • • as^Kn). 

This paper is organized as follows. In Section 2, we introduce several general 
mixed affine surface areas. We provide geometric interpretations of them and prove 
some important properties of them, such as, affine invariant properties. In Section 
3, we establish new Alexandrov-Fenchel type inequalities, Santalo-type inequalities, 
and affine isoperimetric inequalities for these general mixed affine surface areas. 
Section 4 dedicates to the general i-th mixed affine surface areas. Similar Santalo- 
type and affine isoperimetric inequalities are also proved. 



2 General mixed affine surface areas 

2.1 General mixed L^- and L^-affine surface areas 

The L p affine surface area for — n < p < is associated with the L^-affine surface 
area, where ip G Conv (0, oo) in [24]. Hereafter, Conv(0, oo) is the set of functions 
ip : (0, oo) —¥ (0, oo) such that either tp is a nonzero constant function, or ip is 
convex with lim^o ip(t) = oo and limt_ s . 00 ip(t) = (in this case, we set ip(0) = oo). 
For ipi G Conv(0, oo) and Ki G C\, we define the general mixed L^-affine surface 
area as 



as{^x,K x v ;ip n ,K n )= [ , * i+1 )h Ki (u)f Ki {u) 

JS^-fJil KfKiWh'jg (u)J 



da(u). 



In particular, as(ip, K; ■ ■ ■ K) = as^(K) is the L^,-affine surface area of K in- 

p 

troduced in [24]. When all ipi(t) = t n +p for —n<p<0, one gets the mixed p-affine 
surface area for —n<p< 0. In particular, one includes the L p affine surface area for 
— n<p<0 as a special case. If all ipi = ip, then we use as^(K\, ■ ■ - ,K n ) to represent 
as(ip, K\\- ■ ■;ip,K n ). We use as(ipi,- • -,ip n ; K) instead of as(ipi,K;- ■ •; ip n ,K) when 
3llKi = K. Clearly, asfa,- ■ ; i> n ;B%) = tyi(l)- • -^(1)] «n|fl£|. 
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We always assume that <p G Conc(0, oo) is nonzero. As above, if all 0, = 
0, we write as<f>(Ki,- ■ K n ) for as((f),Ki;- ■ •; 4>,K n ). We use as((j>i,- ■ •, 4> n ;K) for 
as(0i,#;- • •; n ,K) if all = Clearly, as(0i,- • = [0i(l)- • -0„(1)] »n|J3£| 

The following theorem gives a geometric interpretation for the general mixed 
L^-affine surface area by the illumination surface body. Similar geometric inter- 
pretations can also be obtained by the surface body [46, 52]. 

Definition 2.1 (Illumination surface body) [53] Let s>0 and f :dK—>-'R be a 
nonnegative, integrable function. The illumination surface body K^ s is defined as 



x : 



/ dfi K <s\. 



dKn[x,K)\K 



Here, \xk is the usual surface measure of dK, [x, K] denotes the convex hull of x 
and K , A \ B = {z : z G A, but z £ B}, and A is the closure of A. 



Theorem 2.1 Let K, Ki G C\ and fa G Conc(0, oo), i = 1, • • • , n. Let f : dK — > 

R be the function 



f(N K H U )) = f K ( U y-^n 



i=i 



i 



l-n 

2n 



(2.2) 



where N^- 1 : S n 1 — > dK is the inverse Gauss map, that is, Nj^ 1 (Nk(x)) = x for 



all x G dK. Let c„ = 2| J B"~ 1 |^. Then, 



\I<f' s \ - \K\ 

as{fa,K\; ■■■ \ <f) n , K n ) = lim c n - 2 



Proof. Theorem 4.1 and its following remark in [53] imply that 
\K*' S \ - \K\ 



lim c n - 

S-S>0 



2 

gn-1 



71-2 

few*- 1 



i=i 



da{u) 



1 



f Ki (u)h^(u 



TTT ) (u)fKi (u) 



da(u) 



= as(4>i,Ki; ■ ■ ■ ;cj) n ,K n ), 
where the second equality is by (2.2) and the last equality is by (1.1). 
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Remark. Replacing (fn € Conc(0, oo) by ipi € Conv(0, oo), one gets the geometric 
interpretation of the general mixed L^-afiine surface area. That is, 

\Kf' s \ - \K\ 



as(ipi,Kx; ■ ■ ■ ;ip n ,K n ) = lim c n 



where the function / takes the form 



f(N K \u)) = f K (u)^H 



i=l 



A - . . n+1( : h Ki (u)f Ki (u) 



l-n 
2n 



A function <f> € Conc(0, oo) is homogeneous of degree r if (j)(\t) = \ r 4>(t) for 
all A > and t > 0. This further implies that = </>(l)i T with r € [0, 1) and 
4>{t)4>{l/t) = <p(l) 2 - Similarly, a function tp € Conu(0, oo) is homogeneous of degree 
r if V(At) = A 7 "^) for all X,t > 0. This further implies that ^(i) = ^(l)f with 
r G (-oo,0] and ^(t)^(l/t) = tp(l) 2 . 

The following theorem gives the affine invariant property for the general mixed 
L^-affine surface area. This result was proved in [24] for all <f>i = eft and K{ = K. 



Theorem 2.2 Let T : W 1 — > M n be an invertible linear transform. For all (pi € 
Conc(0, oo) and Ki e C\, 

as((j>i,TKn ■■■;4>n, TK n ) = as((f)i,Ki; ••• ;4> n ,K n ), for \det(T)\ = 1. 



If in addition, 4>i € Conc(0, oo) are homogeneous of degrees ri € [0,1) for i = 
1, ■ • • , n, that is, 4>i(t) = 4>i{l)t ri , then 

as{4>i,TKi; ■■ ■ ; cp n ,TK n ) = \det{T)\ l h ^~ L as^i, K x ; ■ ■ ■ ;<f> n ,K n ). 

Remark. Replacing fa € Conc(0, oo) by € Corat>(0, oo), one has the affine 
invariant property for the general mixed L^,-affine surface area; namely, 

as(ipi,TKr, ■ ■ ■ ; ip n ,TK n ) = as(V>i,-Ki; • • • ; ip n ,K n ), for \det(T)\ = 1. 
If in addition, ^>i(i) = ipi(l)t Vi , then 

as(^i,Tifi;-- - ;ip n ,TK n ) = \det(T)\ l ^^"as(^i, Kr, ■ ■ ■ ;ip n ,K n ). 

Proof. Lemma 12 of [46] implies that, for all u G 5"" 1 , 

f i \ _ /TAT fo) /„ o\ 

det 2 (T) ||T- li (n)||™+ 1 ' 1 6) 
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where v = y^-if | u )|| € <S n with || • || standing for the Euclidean norm, A denotes 
the usual adjoint of A, and A -1 is the inverse of A for an operator A. On the other 
hand, 

h K (u) = ||T^<(u)|| h TK {v). (2.4) 

Thus, we have 



frK(v)h%g(v) = det 2 (T) f K (u)h n K +1 (u), 
f T K(v)h TK (v) = det\T)\\T- lt {u)\\ n f K {u)h K {u). 

Lemma 10 in [46] implies that, for any integrable function g : S 1 ™ -1 - 

1 f ( T- U {u) 



g(v)da(v) = l g . 

S n-i \det(T)\ J S n-i \\\T Lt (u) 



T- Lt (u)\\~ n da(u). 



Hence, by (2.5) and (2.6), one has 



as((j)i,TKi;- ■ -;<f> n ,TK n )=l 

b 1=1 



\det(T)\ / I 



i=l 



f ( u"+W^ ) hTKi W r *« W 

JTKi \ v )' l TKi y 



h Ki (u)f Ki (u) 



(2.5) 
(2.6) 



det(T)y Ki (u)h%\u) 



da{v) 
da{u). 



Clearly, \det(T)\ = 1 implies as((f>i,TKi; ■ ■ ■ ; 4> n ,TK n ) = as((f)i, Ki; ■ ■ ■ ;4> n ,K n ). 
If in addition, 0j are homogeneous of degrees r, € [0, 1) for j = 1, • • • , n, then 
1 \ 2ri , ( 1 



Yl \det{Tff Ki {u)h^{u) 
and therefore, 



det{T) 



l \j Ki {u)h^{u) 



n— 1 



as((f>i,TKi; ■ ■ ■ ;(j) n ,TK n ) = \det(T)\ l ^^as(0i, Kr, ■ ■ ■ ;(p n ,K n ). 



2.2 General mixed L£- and L^,-afRne surface areas 

In [24], Ludwig showed that the L p affine surface area for p< —n is associated with 
the L^-affine surface area for tp 6 Conv (0, oo). Here, we define the general mixed 
L^-afnne surface area by 



„ n 

as*(ipi,Ki; ■ ■ ■ ;ip n ,K n ) = 

Jb i=l 



h Ki (u) n 



da(u), 
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for ipi E Conv(0, oo) and K{ € C+, i = 1, • • • ,ra. As above, as^(Ki,- • K n ) = 
as*(ip,Ki;- ■ •; tp,K n ) and as^(-fC) = as^(K,- ■ • ,K). If all K{ coincide with K, we 
use as*(?/>i,- • -,ip n ;K) instead of as*(ipi,K;- ■ ■;ip n ,K). If ifj(t) = t n +p for p < — n, 
then asjJ,(-Ki,- • • ,K n ) = as p {K\,- ■ ■ ,K n ) and hence, as^(K) is the L p afflne surface 

area for p< —n. In particular, as*(ipi, • • • , Z?2 ) = ' 'V'n(l)] "nj-B^ I- 

The following proposition gives the duality relation between L^- and L^-affine 
surface areas. 

Proposition 2.1 Let all K{ € C\ be convex bodies, such that, Ki = XiK for some 
convex body K G C\ and Aj > 0, i = 1, • • • , n. For all tpi € Conv(0, oo), 

as*(ipi,Ki; ■ ■ ■ ;ip n ,K n ) = as(ipi,K^; ■ ■ ■ ;ip n ,K°). 

In particular, as* (ipi, ■■ ■ ,ip n ;K) = as(ipi,-- - ,ip n ;K°). 



Proof. Define y : S 12-1 — >dK° by y(u) = pK°{u)u with pk°(u) the radius function 
of K° at the direction u, that is, pk°(u) = max{A > : An € K }. Note that 
hK{u)pK°(u) = 1 for all directions u € S"™ -1 . The Jacobian Jy is (see e.g. [20] ) 



Jy(u) 



a.s. on S 



n— 1 



{u,N K o(p K o( u )u)} ' 

The area formula (see e.g. [12]) implies that for every a.s. defined function g : 
S"* -1 -^, oo], one has f Sn _ 1 g(u)Jy(u) da(u) = f dRO s(jj^) dfJ, K °( y )- Setting 



9(u) = n 



i=l 



1 



hK(u)f K (u] 



n (u,N K o(y(u))) 



\f»f K (u)h n +\u] 
one has 

as(ip!, Kr, ■ ■ ■ ;ij) n ,K n ) = as(ip 1 ,\ 1 K;--- ;ip n ,X n K) 

1 



PK°{u) 



n-1 



=Ai • • • A n 



n 

i=i 



V-'i 



=Ar ■ -A n 



A 



,n 

i=l 



=Ai-A„/ 



2/i 



hK(u)f K (u] 



da(u) 



-2n 



(y,N K o(y)) j 



llwll 



/? 



1 W^ii/F^' ^ ^ d/ix ° 



(2.7) 
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where the third equality is by ||y|| = AA°(]j^) and the last equality is by hic(u) 
Pk°(u) for all directions u G S n . 

Now we let v = Nk° (y) ■ Hug [20] proved that for almost all y G dK° , 

, n+i / y 



A' 



if ii y ftK 1 w/ K .w 

Combining with d/j,K°(y) = fK°(v) da{v) and by (AjiT)° = X[ l K°, the equality 
(2.7) equals to 



Ai • • • A r 



n 

i=l 



MK 2n h n £\v)fK°{v) 



n da(v) 
h n K °(v) 



which completes the proof. 



Remark. When all ^i = ip, this result was proved in [24], i.e., as*^(K) = as^(K°) 

o — 

for all A'GCj and ip G Conv(0, oo). In particular, if ip(t) = t n +p for p < — n, then 
aSp(K) = as n 2 (K°) [52]. In general, one cannot expect as* K\\ • • • ]il) n ,K n ) = 
as(*f)i,K^; • • • ; ip n , K°) even if all ipi are equal to some tp G Conv (0, oo) and all Ki 
are ellipsoids. To this end, let n = 2 and ^(i) = t. For any 2-dimensional convex 

+ ' 



body K G C 2 



as,p(K, B\ 



hK(u)fK(u) 



dax(u)= / h 2 K (u)f K (u) dax(u), 



.fK(u)h 3 K (u) 

where o~\ refers to the spherical measure of S 1 . On the other hand, 

do~\ (u) 



as* h (K°,B 2 ) = f 
>j s 



Now let the (invertible) affine map T : M 2 - 
by formulas (2.3) and (2.4), 

h T B*( u ) = \\Tu\\, f T B 2 ( u ) 



\J 'fK°(u)h 5 K o{u) 

M 2 be T(xi,x 2 ) = (xi,2x 2 ). Then, 



Vu G S 1 . 



Therefore, one has 

as^{TBl,Bl)= f f TB 2{u)h 2 TB2 {u)d(Ji{u)= f -— — r da x ( 
Js 1 2 Js 1 W 1 u \\ 

As (TB 2 )° = T~ u Bl, one has 

\tbI)°( u ) = \\ T ~ lu h f(TB*)°( u ) 



51 a/1 + 3n; 



da\{u). 



\T~ l u 



l„l|3' 



Vu G S 1 , 
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and hence 



as*4(TB 2 2 y,Bl)= f 
J s 



da\ (u) 



l„l|2 



S 1 V 1 + 3u l 



da i (u 



Clearly as^iTB^B^) = Aas^^TB^) , B%) by the rotational invariance of the 
spherical measure a\. 

For all fa G Conc(0, oo) and all K. L G C\, we define the general mixed L^-affine 
surface area by 



as*(4>i,Ki; ■ ■ ■ ;(f) n ,K n ) 



i=i 



h Ki {u) n 



da(u). 



Similarly, let as^Kt, ■ ■ ■ ,K n ) = as*(4>, K\ \ ■ ■ ■ ;c/>,K n ), as*^(K) = as^(K, ■■■ , K), 
and as* • • • , (j) n ; K) = as*((j>i, K; ■ ■ ■ ;<f> n ,K). In particular, as* (fa, ■■ ■ ,§ n \BV[) 

[Ml)---Ml)]"n\B%\. 

Proposition 2.2 Let Ki G C\ be convex bodies, such that, K{ = \{K for some 
convex body K G C\ and Aj > 0, i = 1, ■ ■ ■ , n. For all fa G Conc(0, oo), 

as*(fa,I<i; ■ ■ ■ ;<f> n ,K n ) = as(fa,Kl\ ■ ■ ■ ;<p n ,K°). 

In particular, as* (fa, ■■ ■ , (j) n ; K) = as((/>i, ■ ■ ■ ,<fr n ;K°). 



Remark. The proof of this proposition is similar to that of Proposition 2.1. An im- 
mediate consequence is as^(K) = as < f > (K°) for K^C\ and 0GConc(O, oo). In par- 

p 

ticular, if (p(t) = t n +p for p>0, one obtains the duality formula as p (K) = as n 2 (K°) 

p 

[20, 52]. Hence the L^-affine surface area can be viewed as a generalization of 
the L p affine surface area for p > 0. As above, one cannot expect, in general, 
as*(fa, K±; ■ ■ ■ ;cp n ,K n ) = as(fa, K°; ■ ■ ■ ;tp n ,K°) even if all fa = (j) for some 
4> G Conc(0, oo) and all Ki are ellipsoids. 

The following theorem gives a geometric interpretation for the general mixed 
Ll-affine surface area. Similar geometric interpretations can also be obtained by 
the surface body [46, 52]. 

Theorem 2.3 Let K, Ki G C\ and fa G Conv(0, oo), i = 1, • • ■ , n. Let g : dK — > 

M. be the function 



i=l 



h Ki { u y 



l-n 
2n 
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Let c n = 2\B% _1 [S=T. T/iere, 

|K9' S | - I if I 



as*(fa,Ki; ■ ■ ■ ;ip n ,K n ) = lime 



s->0 " 

Remark. Replacing fa € Cora;(0, oo) by 0j G CWc(0, oo), one gets the geometric 
interpretation for the general mixed L^-affine surface area. That is, 

\K'9' S \ - \K\ 

as (fa,Ki;--- ;fa,K n ) = lim c n 5 > 

where the function g takes the form 



n 

n — 2 



~g(N^(u)) = f K (u)^\ 



i=l 



h Kt (u) n 



1-n 

2n 



The general mixed L^-amne surface area is also affine invariant. For all ipi = ip 
and Ki = K, this result was proved in [24]. The proof is similar to that of Theorem 
2.2, and we omit it. 

Theorem 2.4 Let T : R n — > R n be an invertible linear transform. For all ipi € 
Conv(0, oo) and Ki € C\, one has 

as*(fa,TK\; ■■■;ip n , TK n ) = as*(fa,Ki; ••• ;ip n ,K n ), for \det(T)\ = 1. 

Lf in addition, all ipi £ Conv(0, oo) are homogeneous of degrees ri € (— oo,0], i/ien 

as*^,^!;--- ;ip n ,TK n ) = |dei(T)| « as* (fa, K\\ ■ ■ ■ ; ip n , K n ). 

Remark. Similar results hold for the general mixed LJ-affine surface area, i.e., 

as*(fa,TKi; ■ ■ ■ ;fa,TK n ) = as*(fa,Ky, ■ ■ ■ ;fa,K n ), for \det(T)\ = 1. 
If in addition, fa S Conc(0, oo) are homogeneous of degrees G [0, 1), then 
as*(fa,TKy, - ■ ■ ;fa,TK n ) = \det(T)\ v l as*(fa, K x ; ■ ■ ■ ;fa,K n ). 
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3 Inequalities 



A general version of the classical Alexandrov-Fenchel inequalities for mixed volumes 
(see [1, 8, 44]) can be written as 

m— 1 

TT V(Ki, ■ ■ ■ ,K n _ m ,K n _ ir -- ,K n ^)<V m (K u --- ,K n ). 

Here the analogous inequalities for general mixed affine surface areas are proved. 
We refer readers to the references [28, 29, 31, 53] for similar results related to the 
mixed p-affine surfaces area. 

Proposition 3.1 Let all K{ £ C? and cj>i € Conc(0, oo). Then, for 1 < m < n, 

m— 1 

as m ((pi,Ki;- ■ -;(j) n ,K n )<Y\_ as(4>i,Kf,- ■ ■ ;<^ n _ m ,i^ n _ m ; (j> n _ h K n -i;> ■ ■ ;4> n -i,K n _i). 

*=° ' m ' 

Equality holds if (1) all Ki coincide and 4>i = Xi<j) n for some Xi > 0, i = n — m + 
1, • • • , n, or (2) <f>i = \i4> n > Ki = r\iK n for some Xi,rji > ; i = n — m + 1, • • • , n, 
and 4> n is homogeneous of degree r S [0, 1). The equality holds trivially if m = 1. 



In particular, if m = n, 

as 11 Ki] ■ ■ ■ ;(j) n ,K n ) < as^Kx) ■ ■ ■ as^ n (K n ). 



(3.8) 



Proof. Let us put 

n— m 

go(u) = ] 



i=l 



and for j = 0, ■ ■ ■ , m — 1, put 



^7l-J 



By Holder's inequality (see [18]) 

as{(f>i,Ki\- ■ -;(j) n ,K n ) = I g (u)gi(u) ■ ■ ■ g m (u) da(u 

JS"- 1 



h Ki {u)f Ki {u) 



771—1 

£ n 

771 — 1 



g Q {u)g™ +l {u) da{u) 



J as™ 
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As Ki e C\ and fa / 0, gk(u) > for all k = 0, 1, ■ ■ ■ ,m and all u G S n ~ l . 
Therefore, equality in Holder's inequality holds if and only if g^v^gj^^u) = 
X^-jgo^g™ (u) for some \ n -j > and all < j < m — 1. This condition holds 
true if (1) all Ki coincide and fa = Xi4> n for some Aj > 0, i = n — m + 1, • • • , n, 
or (2) fa = Xi4> n , Ki = rjiK n for some Aj, r)i > 0, i = n — m + 1, • • • , n, and n is 
homogeneous of degree r € [0, 1). 

Remark. When all fa(t) = t n +p for p > 0, this recovers the Alexandrov-Fenchel 
inequalities for mixed p-affine surface areas with p > [53]. When all Ki coincide 
with K, then 

m—1 

as m (0i, ••• ,<p n ;K) < 1 [ as(0i, • • • ,^ n _ m ,0 n _i, • • • ,cj) n -i;K), 

n v ' 

and equality holds true if fa = Xi4> n for some \ > 0, i = n — m + 1, • • ■ , n. When 
all 0j coincide with 0, then 

m—1 

as™(K!,--- ,K n ) < ] [ as${Kx,--- , K n _ m , K n _i, ■ ■ ■ ,K n -i), 

and equality holds true if (1) all Ki, i = n— m+1, ■ ■ ■ ,n coincide, or (2) Ki = r)iK n 
for some rji > 0, i = n — m + 1, • • • , n and (j) is homogeneous of degree r € [0, 1). 

Remark. With slight modification, one can get analogous Alexandrov-Fenchel 
inequality for the general mixed L^-affine surface area, namely, 

m—1 

[as* {fa,Ki\- ■ ■;4> n ,K n )]" L <Y\ as*(fa,Ky,- ■ ■](j) n - m ,K n - m ;(l) n - i ,K n - i \- ■ ■ ;<j> n _i,K n -i) . 

In particular, if m = n, 

[as*(fa,K i; --- ;<t>n,K n )\ n < as^Kt) ■ ■ ■ aslJK n ). (3.9) 

Replacing fa £ Conc(0, oo) by ipi £ Conv(0, oo), one gets the Alexandrov-Fenchel 
inequalities for the general mixed L^- and L^-affine surface areas. 

Blaschke-Santalo inequality states that, for all convex body K with centroid 
at the origin, |i^||i^°| < l-B^I 2 ' equality holds if and only if K is an ellipsoid. 
This fundamental inequality has been generalized to the L p affine surface area and 
mixed p-affine surface area [31, 52, 53]. Here, we prove the Santalo-type inequalities 
for the general mixed L^-affine surface area. The Santalo-type inequality for the 
general mixed LJ-affine surface area can be achieved in the same way. 
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Theorem 3.1 Let Ki G C? and <f>i G Conc(0, oo) 6e homogeneous of degrees ri G 
[0,1). TTien 

n 

os^,^;-- - -^mK^as^Kl--- - ;<t> n ,K° n ) < n 2 J] [^(l) 2 \K t \ \K°\]". 

i=l 

Moreover, if all Ki G /lave centroid at the origin, then 

as^Kv,-- - ;0 n ,ir n )a S (^i,^i°;-- - < [aa(0i,J3£; • ■ ■ ;0n,^)] 2 , 

wrai/i equality if all Ki are origin- symmetric ellipsoids that are dilates of one another. 

Proof. The following inequality was proved in [24] and it actually holds true for 
all K G C\: if <j> G Conc(0, oo), then 

aS(j) (K)<n\K\4>(^]. (3.10) 



Thus, for any K G C\, 



a S(t> (K)as4K ) < n 2 \K\\K°\if>U^\<l>( ' 



K c 



Combining with inequality (3.8), one has, for all Ki G C 2 



+ • 

n 



as((pi,Ki;- ■ ■ ;<j) n ,K n )as{<l)\,K{;- • • ;0„,iO < [as^K^as^Ki)] n 

i=i 

< « a n [i^i'^^Ci^f) ^G^l)! * = " a n c^ci) 2 m (3.n) 

i=l L \ I 1 1 / VI i 1/ J 

Here the equality follows from all <pi being of homogenous degrees G [0, 1). 

If all Ki G Cl have centroid at the origin, one can employ Blaschke-Santalo 
inequality to inequality (3.11) and get 

n 

asfaJCxv • •; ^K^as^K^ ■ •; 4> n ,K° n )<n 2 \{ »=^(0 V • •, <f>n, B%f. 

i=l 

Clearly, equality holds true if Ki are origin-symmetric ellipsoids that are dilates of 
one another. 

Let K G be a convex body with centroid at the origin and Bk be the 
origin-symmetric (Euclidean) ball such that \Bk\ = \K\. For the L^-affme surface 
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area with (ft £ Conc(0, oo), Ludwig proved the affine isoperimetric inequality [24]; 
namely, as<f>(K) < as^Bx) with equality if and only if K is an ellipsoid. If 
we further assume that eft is homogeneous of degree r £ [0,1), then the affine 
isoperimetric inequality for L^-affine surface area may be stated as 

with equality if and only if K is an ellipsoid. In fact, let A = -rM- and K = \™K, 
then \K\ = {B^l- Employing the affine isoperimetric inequality in [24] to K, one 
has as ' t '^n\ < 1. By Theorem 2.2, one has 



as^jk) _ as^jXnK) _ 1 _ 2r / as^K) \ 
as^BS) ~ as^Bl}) ~ \a S<p (B%)J 



< 1, 



which is equivalent to the formula (3.12). There is an equality if and only if K 
is an ellipsoid. When <j>(t) = t n +p for p > 0, one gets the L p affine isoperimetric 
inequality for p > [31, 52]. For p = 0, one has equality instead of inequality. 

Next, we prove the affine isoperimetric inequalities for general mixed affine 
surface areas. Hereafter, we always let Bi^ be the origin-symmetric (Euclidean) 
ball s.t. |-Bft-J = \Ki\ for all i. 

Theorem 3.2 Let all Ki £ C\ be convex bodies with centroid at the origin. 

(i) : If all 4>i £ Conc(0, oo), then 

as((pi,I<i; ■ ■ ■ ;4> n ,K n ) < as{<j>\, B Kl ; ■ ■ ■ ;(f) n ,B Kn ). 

Equality holds if all Ki are ellipsoids that are dilates of one another. 

(ii) For all 4>i £ Conc(0, oo) with homogeneous degrees j-j £ [0,1), 

as{^i,K]_\ ■ ■ ■ ;(/) n ,K n ) \ n -|—|- / \Kj\_ \ 1 ~ 2r ' 
as(0i,--- ,<f> n ;B%) J -^\\B^\J 

with equality if all Ki are ellipsoids that are dilates of one another. 



Proof. 

(i). Let all Ki £ C\ be convex bodies with centroid at the origin and \Ki\ = \ BpCi | for 
all i. It is easy to verify that as^B^)- ■ ■as (f>n {BK n )= [cls^^BkxV • • ;<p n ,B Kn )] n . 
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By inequality (3.8) and the affine isoperimetric inequality for L^-affine surface area, 
one has, for all (pi € Conc(0, oo), 



as™ ((/>i, .fTi;- • • ;4> n ,K n ) < as^Ki) ■■■ as,p H {K n ) < as 4>1 (B Kl )•• -as^ n {B Kn ) 



By the affine invariant property in Theorem 2.2, the equality holds true if Ki are 
ellipsoids that are dilates of one another. 



(ii). Recall that [as(<pi,- ■ ■ , (pn^Brf)]™ = as<p 1 (B2)- ■ -as^^B^). By inequalities (3.8) 
and (3.12), one has 



If all Ki are ellipsoids that are dilates of one another, the equality holds true. 

Remark 3.1 If all (pi{t) = t n +p for p > 0, one recovers affine isoperimetric in- 
equalities for mixed p-affine surface areas [53]. One cannot expect to get strictly 
positive lower bounds in Theorem 3.2. Let the convex body K(R, e) C R 2 be 
the intersection of four Euclidean balls with radius R centered at (±(i? — 1),0) ; 
(0,±(i? — 1)), R arbitrarily large. We then "round" the corners by putting there 
arcs of Euclidean balls of arbitrarily small radius e, and "bridge" between the R-arcs 
and e-arcs by C\-arcs on a set of arbitrarily small measure to obtain a convex body 
in C\ [52]. Then as <j} (K(R,e)) < 16R~p+* + Ane^ for cj>(t) = with p > 0, 
which goes to as R — > oo and e — > 0. Choose now R{ and Si, 1 < i < n, such that 

Pi 

Ri — y oo and £j — » 0, and let Ki = K(Ri,Ei) for i = 1, • • • ,n. Let 4>i{t) = t n+p i 
for pi > 0, by inequality (3.8), as n ((p\, K\\ ■ ■ ■ ;4> n ,K n ) < YY] =1 as^^Ki), and thus 
as((j)i,Ki; ■ ■ ■ ;<t> n ,K n ) -)• 0. 

We can prove the following affine isoperimetric inequality for the general mixed 
L^-affine surface area. 

Theorem 3.3 Let all Ki 6 C\ be convex bodies with centroid at the origin, 
(i): If all 4>i £Conc(0, oo), then 



[as(<j)i,B Kl ;- ■ ■ ;4> n ,BK n )] 




as*(4> 1 ,K 1 



;<f>n,Kn)<as*(4>i,(B K o) ;- ■ ■ ; 



4>n,{BK°)°)- 



Equality holds if Ki are ellipsoids that are dilates of one another. 
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(ii) For all (pi G Conc(0, oo) u>i£/i homogeneous degrees G [0,1), 

v aa*(0i,--- ,0 n ;B 2 ") J ~ i = \\\B^\J 
with equality if Ki are ellipsoids that are dilates of one another. 

Proof. 

(i) . By inequality (3.9), Proposition 2.2, and the affine isoperimetric inequality for 
the L^-affine surface area, one gets, 

[as*(fa,K x ---- ;<f> n ,K n )] n < as% 1 {K 1 )---asl n {K n )=as^{Kl)---as^{K° n ) 

< as^Bjco) ■■■as ( f >n (B K o)=[as(<f) 1 ,B K o;--- ;^ n ,B K o)]' 

= [as*(4>i,(B K? )°;- ■ ■ ;4>n,(B K o) )] n , 

where the last equality follows Proposition 2.2. Following the affine invariant prop- 
erty, equality holds if K{ are ellipsoids that are dilates of one another. 

(ii) . Similarly, by inequalities (3.9), (3.10), and Proposition 2.2, one has 
[as*(fa,K x y ■•;</>„, K n )] n < as^Kx) ■ ■ ■ as*^ n (K n ) = as^(Kl) ■ ■ ■ as^K") 

n n 

<n n H [\KtMKi\f\K9\)] = n n \{[fa(l)\K°\^\K^}. 

i=l i=l 

By Blaschke-Santalo inequality, i.e., < l-BJI 2 ) an d r* G [0,1), one gets 

n 

i=i 

Equivalently, by as* (fa, • • • , <p n ; B%) = [fa(l) ■ ■ ■ fa(l)] ~n\B% |, one has 

( as*(fa,K 1 ;---;<l> n ,K n ) \ n fr ( \K£\ 2n ~ l 
V as*(fa,--- ,<j> n ;B^) J "II \\B$\) 

Clearly, equality holds true if all K{ are ellipsoids that are dilates of one another. 

Remark 3.2 One cannot expect to get strictly positive lower bounds in Theorem 

3.3. Let the convex bodies K{ = K(Ri,Ei) G C? be as in Remark (3.1) with 

Pi 

Ri — > oo and £j — > 0. Let fa(t) = t n+p i with pi > 0,i = 1,- • ■ ,n. By inequality 
(3.9) and Proposition 2.1, one gets [as*(fa,Kf;- ■ ■ ;(j) n ,K°)] n < H" =1 as*^.(K°) = 
niLi as 0i(-^«)' which goes to as Ri — > oo and e — > 0. 
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4 General i-th mixed affine surface areas and related 
inequalities 



Let i be a real number and fa, fa £ Conc(0, oo). The general i-th mixed L^-affine 
surface area of K, L € C\ is denned as 



asifa,K;fa,L) 



h n K + \u) 



hK{u)f K {u] 



hl +l {u) 



hL(u)f L {u) 



da(u). 
(4.13) 



If i is an integer number with < i < n, then 

asi(fa,K;fa,L) = as(fa,K; ■■■ ;fa,K; fa,L; ■ ■ ■ ;fa,L). 



In particular, asi{fa, K; fa, L) = as n -i(fa, L; fa, K), as (fa,K;fa,L) = as^(K), 

p 

and as n (fa, K; fa, L) = os^ 2 (L). If fa(t) = fait) = t n +p for p > 0, one gets the i- 

th mixed p-affine surface area [29, 50, 53]. Note that the i-th mixed p-afnne surface 

area includes the surface area of K as a special case; namely the surface area of K 

i 

is as-i((j), K; 4>, B% ) with fat) = t n +^ . Obviously, the general i-th mixed L^-amne 
surface area satisfies the affine invariant property as in Theorem 2.2. Similarly, we 
can define the general i-th mixed L*i -affine surface area of K, L £ C\ as 



as*(fa,K;fa,L)-- 



fa(f K (u)h n +\u)) 
h n K (u) 



fa(h(u)hl +1 (u)) 
hl(u) 



da(u). 



For ipi,ijj2 £ Conv(0, oo), the general i-th mixed L^-affine surface area oi K, L € 
C? is defined as 



aslfa,K;i/j 2 ,L) 



h K (u) 



da(u), 



and the general i-th mixed L^-affine surface area of K, L € C\ is defined as 

'MfK(u)h n +\u)) 



as*(ipi,K;^2,L)-- 



S n-1 

p 



h\[u) 



MfL{u)hl + \u)) 



hl(u) 



da(u). 



If ipi(t) = ip2(t) = t n +p for — n < p < 0, then asi(fa,K;i/j2,L) equals to the i-th 
mixed p-affine surface area for —n < p < 0. On the other hand, if fa{t) = ip2{t) = 

71 

t n +p for p < —n, then as*{ij)i,K]il)2,L) equals to the i-th mixed p-affine surface 
area for p < —n [53]. 
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Proposition 4.1 Ifj<i<kork<i<j (equivalently, ^—i > 1), then for all 
fa, fa S Conc(0, oo) and K,L € C\, 

k — i i—j 

aSi(fa,K;fa,L) < asj(fa, K; fa, L)^-i as k (fa, K; fa, L)^ . 

Equality holds if (1) K = L and fa = Xfa for some A>0; (2) fa is homogeneous of 
degree r € [0, 1), fa=\fa for some A>0, and K and L are dilates of each other. 



Remark. Similar results can be obtained for other general i-th mixed affine surface 

k — i i—j 

areas, for instance, asi(fa, K;fa, L) < asj{tp\,K;fa,L) k ~^as k {fa,K;fa,L) k -i. 
Proof. By formula (4.13), one has 



aslfa,K;fa,L) 



fK\u) 
h n K + \u) 

,n+l, 
l K 



hT(u) 



h K (u)f K (u 
h K (u)f K {u 



hK{u)fl<(u] 



fzH«r 

hl +1 (u) 
h n L + \u) 



hL(u)f L {u) 
hL(u)f L (u 



do(u) 



k — i 



k—j 



do~(u) 



ft. — L L — J 

< asj (fa,K;fa, L) k ~i as k (fa ,K;fa, L) k-i , 



where the last inequality follows Holder inequality and formula (4.13). Clearly, 
the equality holds true if (1) K = L and fa = Xfa for some A > 0; (2) fa is 
homogeneous of degree r £ [0, 1), fa = Xfa for some A > 0, and K, L are dilates of 
each other. 

If j = 0, k = n, then for all < i < n, 

[a Si (fa,K;fa,L)] n < [as^KT^as^L)} 1 . (4.14) 
On the other hand, if i = 0, j = n, k < 0, or % = n, j = 0, k > n, one has 

[as k (fa,K;fa,L)] n > [as^(K)] n - k [a S(f>2 (L)] k . (4.15) 



The following proposition gives the Santalo-type inequality for the general z-th 
mixed L^-affine surface area. Similar results for the general i-th mixed L^-affine 
surface area also hold. 
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Proposition 4.2 Let 0<i<n, and K,LgC^_ be convex bodies with centroid at the 
origin. For (f>i,(f>2 £ Conc(0, oo) with homogeneous degrees r\,r2 G [0, 1) respectively, 

as l ((l )u K ] cj )2 ,L)as i ^ 1 ,K ;^ 2 ,L ) < [as^B^^B^)] 2 . 

Equality holds true if K and L are ellipsoids that are dilates of one another. 

Proof. By inequalities (3.10) and (4.14), one has 

as i ((f)i,K;(f)2,L)asi((f) 1 ,K ;(f)2,L ) < [as (t>1 {K)as (t)1 {K°)]~{as ( i }2 (L)as ( i }2 (L )\ ~ 

< n 2 [\K\\K°\M^ 2 ]^[\L\\L°\M^ 2 ]" 

2(n — i) 2i o 

< nVi(l) » ^UH^aT 
= [a Si (<l> u B2;<f> 2 ,B2)] 2 , 

where the last inequality follows from Blaschke-Santalo inequality and < i < n. 
Clearly, the equality holds true if K, L are ellipsoids that are dilates of one another. 

The following proposition states the affine isoperimetric inequality for the gen- 
eral i-th. mixed L^-amne surface area. 

Proposition 4.3 Let < i < n and K, L € C\ be convex bodies with centroid at 
the origin. For <j>i, <j>2 £ Conc(0, oo), one has 

(i) asi((pi, K;<j)2, L) < asi(<fii, Bk; (j)2, B£), with equality if K and L are ellipsoids 
that are dilates of each another; 

(ii) if in addition, 4>i,4>2 o- r s homogeneous of degrees ri,r2£[0, 1) respectively, 

f as^uK^^L) y / yn-oa-fro /j^ya-**) 

Equality holds true if K and L are ellipsoids that are dilates of one another. 

Remark. Similarly, one can get the affine isoperimetric inequality for the gen- 
eral i-th mixed L^-afflne surface area. For instance, if (j)\,4>2 £ Conc(0, oo) with 
homogeneous degrees r 1; r 2 € [0, 1) respectively, then 

/ as^K-^L) y / \K\ / \ L \ V^- 1 ) 

{asXfaBfrfaB?)) -\\B%\) \\B%\) 

Equality holds if K and L are ellipsoids that are dilates of one another. 
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Proof, (i) Note [a Si (fa, B K ; fa, B L )] n = [as^A*:)]""'^^)]'- The desired 
result is then an immediate consequence of inequality (4.14), and Ludwig's isoperimetic 
inequality [24]. 

(ii) By inequality (4.14), and [a Si (fa, B%; fa, B%)f = [as^B^f-^as^B^f , 

aSj(fa,K;fa,L) 
_a Si (fa,B%;fa,BZ) 

Combining with inequality (3.12) and r±,T2 € [0,1), the desired result follows. 
Clearly, equality holds if K and L are ellipsoids that are dilates of one another. 

Proposition 4.4 Let K € C\ be a convex body with centroid at the origin. For 
k > n, and fa, fa E Conc(0, oo), one has 

(i) ask(fa,K;fa,B2)>ask(fa,BK]fa,B2), with equality if K is a ball; 

(ii) if in addition, fa is homogeneous of degree r\ 6 [0, 1), then 

( as k (fa,K;fa,B%) \ n > f \K\ 
\as k (fa,B2;fa,B2)J ~ \\B% 

with equality if K is a ball; Moreover, 

as k (fa,K;fa,B2)as k (fa,K°;fa,B2) > [as k (fa, B%; fa, Bl 1 )) 2 , 
with equality if K is a ball. 

Proof, (i) By inequality (4.15) and [as k (fa,B K -,fa,B^)] n = [as^(B K )] n - k [as^(B^)] k , 

' as k (fa,K;fa,B^) 
as k (fa,B K ;fa,B%) 

where we have used the Ludwig's isoperimetric inequality in [24] and n — k < 0. 
The equality holds trivially if K is a ball. 

(ii) Again, by inequality (4.15) and [as k (fa, B%; fa, B%)] n = [a S(f>1 {B%)} n - k [a S<t>2 {B%)] k , 

' as k {fa,K;fa,Bl 2 l ) 
as k (fa,B%;fa,B2) 

where the last inequality follows inequality (3.12) and n — k < 0. Clearly if K is a 
ball, the equality holds. 



< 



assJBl}) 



ass 2 (B%) 




11 

> 


as^[K) 




assABx) 



> 1, 



n 

> 


as^K) 


-( 




as d , f-B?)_ 





\K\ 
LB™ 



\Tl — K)yL — 4T\ ) 
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Theorem 3.1 implies that asfa(K)asfa(K°) < [as fa (-63 )] 2 . Combining with in- 
equality (4.15) and n — k < 0, we have 



as k , K- cf> 2 , Bfiaskifa ,K°;cf> 2 ,B2) > [as fa (K)asfa (K°)\ "ir [as fa (B%)} » 

= [as k (<j)i,B2;<f> 2 ,B2)} 2 . 
Clearly if K is a ball, equality holds true. 

Proposition 4.5 Let K £ C\ be a convex body with centroid at the origin. For 
k<0, and ipi,tp2 G Conv (0, 00), one /tas 

(%) ask(ipi,K;ip2,B2 ) > ask(ipi,BK',ip2,B2 ), equality if K is a ball; 
(ii) if in addition, ipi is homogeneous of degree r\ S (— 00, 0], then 



as k (tl)i,K;ilj2,B, 



> 



\K\ 

\ n 2 I 



(n-Jfc)(l-2n) 



as k {^B^ 2 ,B%) 
with equality if K is a ball; Moreover, 

as^K-^B^asu^K^^BZ) > c n - k [as k {^B^ 2 ,B^)] 2 , 



where c is the universal constant in the inverse Santalo inequality [7, 22, 38, 39, 41]; 

5 2 



namely, \K\\K°\ > c n \B% l2 



Proof, (i) For the L^-amne surface area with ip £Conv(0, 00), Ludwig proved the 
affine isoperimetric inequality [24]: as^,{K)>as^{BK) with equality if and only if 
K is an ellipsoid. If ip€Conv(0, 00) is homogeneous of degree r£(— 00, 0], then 

l-2r 



as^(K) ( \K 



> 



\Bl 



as f (B%] 

with equality if and only if K is an ellipsoid. 

Similar to inequality (4.15), one can prove that, for k < 0, 

[as^K-^L)] 71 > [asfa{K)) n - k [as^(L)] k . 



(4.16) 



(4.17) 



Combining with [as k (ijji 


B K ;ip2,B2)) 


n = [asfa(B K )] n - k [ 




' asfc(Y>i 


,K;ii2,B%) - 


n 

> 


' asfa(K) ' 






B K ;^2,B^)_ 


asfa(B K ) 



n—k 



> 1, 
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where we have used Ludwig's isoperimetric inequality in [24] and k < 0. Equality 
holds trivially if K is a ball. 

(ii) Again by inequality (4.17) and [as^, B%; fa, B%)] n = [as fl (B^- k [as^(B^)} k , 



as k (^i,K;ilj2,B^) 
as k {?pi,B%;Tp2,B% 



- n 

> 


' as^K) ' 


n—k . 

-( 




_as ill (B%)_ 





\K\ 
\Bj 



(n-fc)(l-2n) 



where the last inequality follows inequality (4.16) and n — k > 0. Clearly if K is a 
ball, the equality holds. 

The following inequality was proved in [24]: if ijj £ Conv(0, oo), then 

\K°\ 



as^(K) > n\K\ip 



K 



(Note that it holds true for all K € C+). The inverse Santalo inequality says that 
1-^1 1-^° I — c n \B 2 | 2 ) where c is a universal constant [7, 22, 38, 39, 41]. Therefore 

as^(K)as^(K°) > n 2 \K\\K°\^(l) 2 > c n ^{l) 2 n 2 \B r 2 l \ 2 = c n [as^{B%)] 2 . 

Combining with inequality (4.17) and n — k > 0, 

n — k Ik 

as k (^,K; rp 2 , B^)as k ^ u K°;^ 2 , B%) > [as^(K)as^ (K°)] — [as^ (B^)]~ 



> c 



n—k 



2(n-k) 



as^)] — ^^)]- 



= c n - k [as k {^B^ 2 ,B^)] 2 . 

Proposition 4.6 Let K £ C\ be a convex body with centroid at the origin. For 
k < 0, and tpi,ip2 £ Conv(0,oo), one has 

(i) asl(^i,K;ip 2 ,B 2 )>asl(il;i,(BK°) ;ip2,B 2 ), with equality if K is a ball; 

(ii) if in addition, ipi is homogeneous of degree r\ G (— oo, 0], one has 



asl^K-^BZ 



>C 



n(l-2r\)(n-k) 



\K\ 

\ D 2 



(n-ifc)(2ri-l) 



Moreover, aaj^i, K;if> 2 , B%)as* k (ipi, K°;^ 2 , B$) > c n_fe [as B%; if} 2 , B%)] 2 , where 
c is the same constant as in Proposition 4-5. 



Proof, (i) Recall that as^(K) = as^,(K°) (see Proposition 2.1). By inequality 
(4.16), and Ludwig's isoperimetric inequality in [24], 



asj^K-^BZ) 
asl^UBKof-^BZ) 



> 



- n—k 






as 1 {, 1 (B K °)_ 



n—k 



>1. 
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Clearly, the equality holds if K is a ball. 

(ii) Again, by inequality (4.16), the inverse Santalo inequality and r\ € (— oo,0], 



as*JK) as4,(K°) 



> 



\K°\ 

\ n 2 



l-2r 



> c n(l-2n) 



| A' | 
LB? 



2n-l 



(4.18) 



Similar to inequality (4.15), one can prove that for k < 0, 

[a4(^i, A;V 2 ,A)] n > [as^ (L)] fe . 



As n — A; > and inequality (4.18), one has 

n—k 



asl(i> u B2;^ 2 ,B2) 



> 



^; 1 (^ 2 n ) 



> c n(l-2ri)(n-fc) 



| if | 
^2 



(2n-l)(n-fc) 



The proof of as k (^ 1 ,K;,p 2 ,B^)as k (ip 1 ,K ;rp 2 ,B^) > c n - k [as k ^ u B 2 ";V 2 , B 2 ™)] 2 is 
same as that of Proposition 4.5. 
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